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Impact of fractional order over time response for

DC-DC converters with fractional capacitors

Impacto del orden fraccional sobre la respuesta en el tiempo de convertidores DC-
DC con capacitores fraccionales

-

D. E. Betancur-Herrera”ﬁ

Abstract—This paper analyses the impact of fractional orders of
derivatives over the response of DC-DC converters which
includes fractional capacitors and their parasitic losses for a
more realistic approximation of the converter. A fractional model
is proposed and is applied for a Boost DC-DC with a fractional
capacitor in its DC bus. The fractional model is obtained using
Kirchhoff laws and applying the conventional switching model.
Then, the resulting set of fractional differential equations is in the
Caputo’s sense and was solved using Wavelets method. Solutions
were appropriately shown using 3D representations, varying the
duty cycle and the fractional order to determine the behavior of
the fractional capacitor voltage, inductor current and output
voltage. Ripples and steady state values were determined. Results
show high dependence of the fractional order in the variables
related to the voltage in the fractional capacitor. With respect to
the current, results show that the fractional order does not
significantly affect its steady state and ripple.

Index Terms— Caputo’s equations, DC-DC converters,
fractional capacitor, fractional differential equations, wavelet
method.

Resumen—Este articulo analiza el impacto de los Ordenes
fraccionales de las derivadas sobre la respuesta de los
convertidores DC-DC que incluye capacitores fraccionales y sus
pérdidas pardsitas para una aproximacion mas realista del
convertidor. Se propone un modelo fraccional y se aplica para un
convertidor Boost DC-DC con un condensador fraccional en su
bus DC. El modelo fraccional se obtiene utilizando las leyes de
Kirchhoff y aplicando el modelo de conmutacion convencional.
Posteriormente, el conjunto resultante de ecuaciones
diferenciales fraccionales estd en el sentido de Caputo y es
solucionado usando el método Wavelet. Las soluciones se
mostraron apropiadamente usando representaciones 3D,
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variando el ciclo de trabajo y el orden fraccional para determinar
el comportamiento del voltaje fraccional del capacitor, la
corriente del inductor y el voltaje de salida. Se determinaron las
ondas y los valores de estado estacionario. Los resultados
muestran una alta dependencia del orden fraccional en las
variables relacionadas con el voltaje en el condensador
fraccional. Con respecto a la corriente, los resultados muestran
que el orden fraccional no afecta significativamente su estado
estable y ondulacion.

Palabras claves— Capacitores fraccionales, ecuaciones
diferenciales fraccionales, ecuaciones de Caputo, convertidores
DC-DC.

I. INTRODUCTION

EW developments in several fields of science and

engineering allow building many circuital devices such
as capacitors and inductors with fractional characteristics [1].
These devices (known as fractional devices) are carrying to a
new revolution in engineering; for example, the invention of
ultracapacitors has become an important milestone in the field
of energy storage devices [1], [2]. Ultracapacitors (or
fractional capacitors from the mathematical perspective) have
been used in DC-DC converters in which the most promising
applications are: 1) hybrid electric vehicles, 2) traction and
transport systems, 3) energy quality, 4) micro grids, and 5)
energy provision and support [3]-[5]. In this sense, it is of
paramount importance to understand the behaviour of DC-DC
converters with fractional capacitors.

During the last years, some works were focused on
modelling DC-DC converters with fractional devices [1], [6],
[7]; these works modelled the dynamic of DC-DC converter
with fractional inductors and capacitors, nevertheless parasitic
losses were not considered. Our paper presents an analysis that
includes the model of real DC-DC converters with fractional
capacitors and takes a numerical method [1] to solving the
resultant fractional differential equations system. In this way is
possible to avoid the use of circuit approximations to model
the fractional capacitor.

The fractional model was deduced for a Boost converter
where parasitic losses were modelled through series
resistances in the inductor and the fractional capacitor. A set
of FDE was obtained by using Kirchhoff laws and following
the methodology reported in [11]. The resulting set of FDE are
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in the Caputo’s sense [10], [12]. Caputo’s derivatives
appropriately relate voltages and currents in fractional devices.
Finally, Wavelets method was implemented to solve the FDE
set [13].

The impact of the fractional order a over real DC-DC

converters has not been reported in the technical literature yet.
So that, the purpose of this paper is to report such impact,
showing how the fractional order a modifies the dynamic of
real DC-DC converters. The analysis includes the behaviour of
voltage and current ripples and steady state analysis for both
fractional capacitor voltage and inductor current.
This paper is organized as follows: Section 2 presents some
basic definitions regarding FDE which allow a better
understanding of the paper. Section 3 presents a discussion on
the solution approach of FDE. Section 4 includes a solution
for the FDE [13]. Finally, conclusions are presented in Section
5.

Il. BASIC DEFINITIONS

Some basic definitions are presented in this section for a
better understanding of the proposed model.

A. Additional requirements grammar function
Gamma Function I'(z) is defined by ().

I'(z) = footz‘l e~tdt @)
0

Where the real part of the complex variable z, Re(z) > 0
and t > 0. The Gamma Function is a generalization of the
factorial function from integer to complex variables [12].
Using the definition of the Gamma Function, it is possible to
prove that I'(z) exists for all z except Re(z) < 0.

B. Integral of Riemann-Liouville

The definition of Riemann-Liouville’s integral for a
function f(x) is given by (2) [15]. In this case, T represents
the integration variable, f(x) corresponds to the function
under fractional integration and « is the fractional order of the
Riemann-Liuoville integral.

IF(x) = f (x - D" f(D)dr @)

1
T(v)

C. Fractional Derivative of Caputo

The definition of Caputo’s fractional derivative ( “DVf (x))
is given by (3) [14], [15].

1

D) = a5 f (- D fr(D)dr 3

Where a = n — v > 0 and v corresponds to the order of the
derivative in the interval n—1<wv <mn, n is an integer
number and x > a. Equation (3) is applied to functions with
continuous n-derivatives and derivable in the interval [a, x) so
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that f;f(x)dx < oo; in this sense, (3) is unique in the interval

[a,x). In the limit v — n, (3) is reduced to a n-order integer
derivative.

D. Fractional Differential Equation

A linear fractional differential equation can be defined as
follows:

an(x) DV f(x) + -+ + a; (x) D" f (x)
_ (4)
+ao(0)f(x) =k

Where a,, ..., a; and k are real constants, some or all
derivatives are in the Caputo’s sense and some derivatives
might be ordinary derivatives.

E. Model of Fractional Capacitor

The model of fractional capacitors is based on fractional
derivatives in the sense of Caputo. This model follows the
trend of modern science to use recent mathematics theories for
modelling some physical phenomena, this has the advantage to
collect the voltage, capacitance and current in the same
expression. This model corresponds to the model presented in
[10], [12] which is described as follows:

i(t)=C¢C CDavc(t) ®)

Where 0 < a < 1, the derivative in (5) is defined as a
fractional derivative of Caputo [12]. The values of the
fractional order a change in function of switching frequency,
where « increases with the switching frequency [10]. Typical
values of « are presented in [16].

I11. BOOST CONVERTER FRACTIONAL MODEL

A real Boost converter with a fractional capacitor C is
shown in Fig. 1. It is supposed that the effect of loses in the
fractional capacitor and inductor are equivalent to the effect of
the resistors R. and R;, respectively. Applying Kirchhoff laws
in each switching state and the methodology reported in [9],
equations (6) and (7) are obtained, which model the voltage of
the fractional capacitor (v,) and the current in the inductor

. _ Rc _ E
(ir). Where ¢, = Trag and a, = =

di
Ll;—it) = vy — (R + ¢pc(1 — w)»)iy + (% -1 (6)
- Wvc
C D%y, (t) = ———— ((1 — )iy — E) @)
¢ 1+ ac) LR
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Fig. 1. Boost converter with a fractional capacitor.

Where p is a binary variable which is 0 when @ is open and
1 when Q is closed. Note that equations (6) and (7) are similar
to those obtained for the Boost converter when the capacitor is
modelled with ordinary differential equations. The dynamic of
the Boost converter is simple when the order of the derivatives
in (6) and (7) are integer; however, with a fractional order, the
dynamic changes in function of the fractional order of the
derivative a [10].

IV. SOLUTION OF BOOST CONVERTER FRACTIONAL MODEL

The aim of this section is to show the solution of (8) and (9)
and illustrate the behaviour of a more realistic Boost DC-DC
converter in function of the fractional order @ and Duty (D)
(6), (7). The following parameters were considered: L =
40mH, C = 10mF, R = 10 Q,vg = 10V, R, = 0.5 and
R. = 0.5 [11]. Fractional order (a) of derivatives are limited
in the interval 0 < @ < 1 [1], a is limited in this interval in
concordance to definition of first order Caputo’s fractional
derivative and relation (5) provided by [12]. The fractional
model of this converter is as follows:

40x1073

di,(t) N
= 10— (0.5 +0.4761(1 - 4)*)i, ®
+ (0.0746 — 1)(1 — p)v,

1%
10x1073 D%, (t) = 0.9523((1 — w)i, — ﬁ) (9)

The solution of (8) and (9) is presented for a fractional order
a which varies between 0.7 to 0.995 using wavelets method
[13].

Two basic characteristics of time response for the Boost
converter analysed, namely: ripple and steady state
value.These characteristics are applied over the current
through the inductor i, and the voltage of the ultracapacitor
V..

Fig. 2 shows the voltage ripple of the fractional capacitor
which has a clear tendency to increase when both a and duty
decrease. High values of voltage ripple are not convenient
since they cause poor voltage regulation. Then; if « is near 0.7
or less, duty must to be restricted to high values for an
appropriate operation, it could be more than 0.6 according to
the limits established by the designer.

Fig. 3 shows the current ripple of the inductor which
decreases when the duty is increased; however, it remains
almost constant when « is increased. So, it can be stated that
current ripple does not depend on a for most cases. Relation
between duty and current ripple is linear as expected when the
fractional order is not considered; nevertheless, for values of
duty lower than 0.55 and for low values of «a (lower than 0.7),
the current ripple tends to be attenuated.

Steady state voltage for the fractional capacitor is shown in
Fig. 4. Note that the steady state voltage does not present
significant changes for fractional orders higher than 0.7. On
the other hand, the steady state voltage has a strongly
dependence on duty as expected when the fractional order is
not considered, decreasing when duty is increased and
approaching zero when duty approaches one. For lower values
of a, the maximum value of steady state voltage tends to be
moved to the right on the duty axis.

Fig. 5 shows a clearly dependence of the steady state
current value; when the fractional order is increased, the
current slightly increases. As regards the duty cycle
dependence, steady state current decreases when duty
increases.
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Fig. 2. Ripple for the voltage in the fractional capacitor for 0.7 <@ <1and 0.5 <D < 1.
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Fig. 3. Ripple for the current through the inductor 0.7 < @ <1and 0.5 < D < 1.
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Fig. 4. Steady state for the voltage in the fractional capacitor for 0.7 < a < 1and 0.5 <D < 1.

V. CONCLUSIONS

This paper presented a novel modelling approach for real DC-
DC converters with fractional capacitors. The main
contribution of this paper consists on the analyses of the
impact of fractional order over the time response of a Boost
converter with fractional capacitor modelling with fractional
derivatives including losses in the inductor and fractional
capacitor.

The possibility of modelling real DC-DC converters with
fractional capacitors using FDE allows the exploration of new

35
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Fig. 5. Steady state for the current through the inductor 0.7 < @ < 1and 0.5 < D < 1.

applications of DC-DC converters. The results performed in
this paper show that both voltage of the fractional capacitor
and current of the inductor in a real Boost converter with a
fractional capacitor changes in function of the fractional order
(a), this holds even when the same circuital parameters L, R,
C, switching frequency and duty are considered.

The results obtained for the Boost converter show that the
fractional order a has a significant impact on the dynamic of
the converter. However, several parameters such as voltage
ripple, current ripple and steady state voltage are sensible to
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fractional order duty values D < 70%. Several values of «
were considered in the study with the purpose of evaluating
the response of a Boost converter under the action of a close
to 0.7 and close to 1. Also, several common values of duty
were considered 50% < D < 100% with the purpose of
showing the behaviour of Boost converters in function of duty
and fractional order. The results show that moderate loses
represented by R, and R, have an important impact over the
dynamic of a Boost converter. Also, the fractional order has an
important impact over the response of the Boost converter.
This allows concluding that o is an alternative to modify the
response of Boost converters allowing to control a DC
converter with fractional capacitor with the duty and fractional
order a.
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